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Fundamentalmodeling of a flexible aircraft with a flyingwing configuration, attached to a system of bungee cords,

was developed in previous work of the authors. Herein this work is extended to include the capability of modeling a

general configuration that can be represented as a collection of nonlinear beam finite elements. This allows one to

model configurations with fuselage(s) and tail(s) in terms of beam finite elements. The finite element formulation is

based on the fully intrinsic beam formulation, so that multiple beams are included by enforcing appropriate

continuity conditions on velocity and angular velocity at nodes where beams intersect. Geometric constraints

imposed by bungee cords attached at different points along a structure modeled with these beam elements make the

system statically indeterminate. This brings certain strain-displacement relations and displacement variables into

the formulation. Two in-depth parametric studies on how ground-vibration testing parameters affect the modal

characteristics of highly flexible aircraft are presented as follows: 1) the effect of different bungee cord locations and

2) the effect of a fuselage structure on themodal characteristics. A comparison of results from the parametric studies

provides information on how the shape of a highly flexible wing affects its modal characteristics and which

eigenmodes associated with fuselage motion are involved in the low-frequency structural modes. In addition, for

conventional configurations with highly flexible wings, the existence of modes identified in ground-vibration testing

as predominantly rigid-body motion is discussed. Moreover, when such modes do exist, the extent to which they

involve structural deformation and the effect of ground-vibration testing parameters on them is studied.

Nomenclature

Bungee Formulation

B = reference point of rigid body
Bi = unit basis vector of body fixed

reference frame
B� = center of mass of rigid body
C = rotation matrix from inertial frame to

body reference frame
Fk = Lagrange multiplier interpreted as

tension of kth bungee cord
g = acceleration of gravity
K = kinetic energy
Kk = stiffness of kth bungee cord
‘k = natural length of kth bungee cord
m = mass of rigid body
ni = unit basis vector of inertial frame
O = origin of the inertial frame
P = potential energy
Pk = point in rigid body attached to kth

bungee cord
POB� = position vector from O to B�

Qk = point in inertial frame attached to kth
bungee cord

xB = x � Bi matrix components in body fixed
reference frame basis

xn = x � ni matrix components in inertial
basis

� = identity matrix
� = variational operator
�A = virtual action

�q = virtual displacement
�W = virtual work
� = virtual rotation
�k = slack variable for kth bungee cord
�k = Lagrange multiplier to enforce the unit

vector condition for each �k
� = position vector from B� to arbitrary

point in the body
�k = stretch of kth bungee cord
�k = unit vector along kth bungee cord

Multiple-Beam Formulation

B = deformed beam reference frame (B
frame)

CiB = rotation matrix from B frame to i
F = internal force measures in B frame
g = measure numbers of gravity vector in B

frame
H = angular momentum measures
i = inertial frame
M = internal moment measures in B frame
P = linear momentum measures
V = velocity measures in B frame
x̂ = nodal variables
�x = element variables
� = internal strain measures
�u = virtual displacement
� = virtual rotation
� = internal curvature measures
� = angular velocity measures in B frame

I. Introduction

W ITH the advent of highly flexible aircraft, the results of
ground-vibration testing (GVT) should be understood afresh

in light of how those results apply to the aeroelastic behavior of such
aircraft, because the shape of the vehicle in a trimmedflight condition
might be very different from that of a GVT configuration suspended
from bungee cords. Van Schoor and von Flotow [1] noticed the large
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tip deflection of the wing in flight when they developed the human-
powered aircraft Michelob Light Eagle. Therefore, the wing bending
stiffness was modified, and wires were attached to each wing, so that
the deformed shape of the flexible wing in GVTwould match that of
the wing in a 1 g trimmed flight condition as closely as possible.

In a usual GVT, a bungee cord or a soft supporting (airbag) system
[2] is attached or located close to the center of mass. This choice will
lead to a wing deflection opposite to that of the in-flight shape
configuration for highly flexible aircraft due to gravity. A current
lack of understanding raises new questions about how the GVT
process should be conducted for highly flexible aircraft with high-
aspect-ratio wings.

For the type of GVT under consideration in this paper, the vehicle
is modeled by a collection of geometrically exact, nonlinear intrinsic
beams [3–5] suspended from bungee cords. Here the term “intrinsic”
refers to the special characteristic of a formulation to be without
displacement and rotation variables.

Suspension of themodel using bungee cords inevitably introduces
a small amount of elastic deformation into the modes that would be
the rigid-body modes of an unrestrained vehicle. These new modes
we refer to as “GVT rigid-bodymodes” to distinguish them from true
rigid-bodymodes. Previouswork [6] showed that, to widely separate
the frequencies of GVT rigid-body modes from those of the lowest-
frequency elastic modes in a highly flexible aircraft restrained by
linearly elastic bungee cords, the cords should be carefully
positioned and their stiffnesses chosen sufficiently low.
Consequently, these low stiffnesses can result in large elongation
of the bungee cords.

Although themain interest of the present study is not the nonlinear
dynamic analysis of the bungee cords per se, the nonlinear dynamic
behavior of the GVT bungee system needs to be described properly
for large elongation. Various mathematical stress–strain relations
and strain energy functions have been proposed to improve
correlation with experimental data in the range of large elongation.
One approach depends on materials [7] and a piecewise linear
approximation in the range of 2–250% elongation [8]. Another
approach is to express the strain energy function in terms of an
infinite series of strain invariants [9,10]. Finally, Arruda and Boyce
[11] expressed the final form of strain energy function in terms of
strain invariants with additional parameters such as chain density,
Boltzmann’s constant, and temperature.

In addition to a linear bungee model, the current analysis is based
on the Hencky strain energy function, which has showed good
accuracy for moderate deformation of several real materials [12] and
good agreement with experimental data for large axial elongation
[13]. Besides the bungee system, especially for large flexible space
structures, a zero-spring-suspension system [14–16] can be used to
make a sufficiently low bungee stiffness available. It provides
negative stiffness to compensate for the stiffness associated with the
suspension system, which is attached to the structure, by adapting
proper mechanisms under a prestressed load.

II. Bungee Formulation

In this section a formulation for a nonlinear bungee system is
presented, with the bungee elongation described in terms of the
Hencky strain energy [12,13] along with the previous linear model
[6]. Figure 1 shows the schematic of a bungee connection to a finite
element node. Consider a node attached to a supportQk by a bungee
cord. The pointO is the origin of the inertial frame andni is an inertial
frame basis unit vector. The pointB� is the center of mass of the rigid
body, and the pointB is the origin of the reference framewith the unit
basis vector Bi. The point Pk is taken to be the kth point in a rigid
body attached to a bungee cord.

The linear bungee formulation in the previouswork [6] is given for
k� 1; 2; . . . ; N as

Kk�k � Fk � 0

� Fk�pOQk � pOB� � CTpB�Pk � � 2�k�kn � 0

�kFk � 0

‘k � �k � �2k � �Tkn �pOQk � pOB� � C
TpB�Pk� � 0

�Tkn �kn � 1� 0

�k � �2k � 0

(1)

where the subindex k is for the kth bungee cord,Kk is the stiffness of
the kth bungee cord, �k is the deflection, Fk and �k are the Lagrange
multipliers, �k is the slack variable, ‘k is the natural length of the
bungee cord, �k is a unit vector along the taut cord, pOQki�
POQk � ni, pOB�i � POB� � ni, pB�Pki � PB�Pk � Bi, and �kni � �k � ni.

In Eqs. (1), the third, fourth, and sixth equations are related to the
slack conditions. The sixth equation is an additional equation for the
slack condition of bungee cords. When a simple spring model is
needed, slack variable �k along with the third and sixth equations can
be eliminated from the bungee formulation. When compared to the
resulting governing equations in previous work [17,18], the one
derived in the present analysis section has a much simpler compact
matrix form to avoid unnecessarily long algebraic geometric
relations and thereby ease numerical computations.

To replace the previously developed linear bungee model with a
nonlinear model, the corresponding potential energy is modified,
replacing the usual quadratic term in the stretch with the Hencky
strain energy [12,13], given by

PHencky �
XN
k�1

1

2
Kk‘

2
k

�
ln
�
1� �k

‘k

��
2

(2)

This yields a nonlinear bungee formulation, which is summarized as

Kk‘k
ln �1� �k=‘k�
1� �k=‘k

� Fk � 0

� Fk�pOQk � pOB� � CTpB�Pk � � 2�k�kn � 0

�kFk � 0

‘k � �k � �2k � �Tkn �pOQk � pOB� � C
TpB�Pk� � 0

�Tkn �kn � 1� 0

�k � �2k � 0

(3)

Thus, only the first of Eqs. (1) is modified to produce the nonlinear
analysis.

III. GVT in Multiple-Beam Configuration

GVT for conventional aircraft can be modeled by extending the
fully intrinsic beam formulation [4] to treat structures made up of
multiple beams, henceforth referred to as the “multiple-beam
formulation.” Figure 2 represents conventional aircraft in GVT as a
multiple-beam structure. Both tips of beam 1 are attached to bungee
cords, and the connection point between beams 2 and 3 is also
attached to a bungee cord.

B1

B2

B3

B

B*

Pk

Qk

n3 n2

n1O

Fig. 1 Schematic of a bungee connection to a finite element node.
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What follows is a brief description of how the fully intrinsic beam
formulation [4,5] can be modified to treat a multiple-beam
configuration. In Fig. 2, beams 1 and 2 share a node, and beams 2 and
3 share a node. Virtual displacements and rotations at the common
nodes where beams intersect are not independent, thus yielding
relations between virtual displacement and rotational variables in
both beams such that

�u beam1 � CB1B2�ubeam2 � beam1 � CB1B2� beam2 (4)

where CB1B2 is the rotation matrix from B2 (reference frame of
beam 2) to B1 (reference frame of beam 1).

The separate nodal equations at the common nodewill be summed
up as one set of nodal equations by the relation of the virtual

displacement and rotation (�ubeam1;2 and � beam1;2) given in Eqs. (4).
(This is a direct consequence of the derivations in [3–5], in which a
detailed description of the nonlinear intrinsic formulation can be
found.) As separate beams, the nodal equations regarding beam 1 are

F̂ n
r � Ĉn

T

lr F̂
n
l � �̂nĝnr � f̂n� _̂

P
n

r �
~̂
�
n

r P̂
n
r �0

M̂n
r � Ĉn

T

lr M̂
n
l � m̂n

T� �̂n
~̂
	
n
ĝnr � m̂n� _̂

H
n

r �
~̂
�
n

r Ĥ
n
r � ~̂

V
n

r P̂
n
r �0

(5)

For beam 2, they are

F̂mb � Ĉm
T

fb F̂
m
f � �̂mĝmb � f̂

m � _̂
P
m

b �
~̂
�
m

b P̂
m
b � 0

M̂m
b � Ĉm

T

fb M̂
m
f � m̂m

T � �̂m
~̂
	
m
ĝmb � m̂m � _̂

H
m

b

� ~̂
�
m

b Ĥ
m
b � ~̂

V
m

b P̂
m
b � 0

(6)

At the common node these will reduce the separate nodal equations
as follows:

F̂nr � Ĉn
T

lr F̂
n
l � �̂nĝr � f̂n � _̂

P
n

r �
~̂
�
n

r P̂
n
r

� CB1B2 �F̂mb � Ĉm
T

fb F̂
m
f � � 0

M̂n
r � Ĉn

T

lr M̂
n
l � �̂n

~̂
	
n
ĝr � m̂n � _̂

H
n

r �
~̂
�
n

r Ĥ
n
r

� ~̂
V
n

r P̂
n
r � CB1B2�M̂m

b � Ĉm
T

fb M̂
m
f � � 0

(7)

In Eqs. (7), several terms such as �̂mĝmb , f̂
m
, P̂mb , m̂

m
T , �̂

m ~̂	
m
ĝmb , m̂

m,

and Ĥm
b in beam 2 are dropped from the separate nodal equation

because those become redundant if beam 1 is taken as the master and
beam 2 is relegated to slave status at the common node. The resulting
equations count as only one set of governing equations, and the
process leads to a loss of six nodal equations. These lost equations are
compensated by the continuity conditions at the common node, viz.,

V̂ beam1 � CB1B2 V̂beam2 �̂beam1 � CB1B2 �̂beam2 (8)

Moreover, the boundary conditions for the gravity vector at the
common node are given by

ĝ beam1 � CB1B2 ĝbeam2 (9)

Finally, Eqs. (7–9) are new types of nodal equations if beams
intersect. And these equations are also involved in the eigenanalysis
for the linearized dynamics about the nonlinear static equilibrium
state.Moreover, to determine a static equilibrium, Eqs. (7–9) are also

used, dropping all the dynamic terms such as �̂
n
r , V̂

n
r ,
_̂
P
n

r , and
_̂
H
n

r . But

Eqs. (8) are not necessary because V̂ and �̂ become zero at static
equilibrium and thus need not be included as variables.

Additionally, the strain-displacement relation is needed to relate
the locations of bungee cords attached to beams 1 and 2. First, the
attachment point for one of the three bungee cords is chosen as a
reference. Then, one may integrate the strain-displacement relations
to obtain locations of the other bungee cords. For example, if the
attachment point at the left tip of beam 1 is taken as the reference
shown in Fig. 2, two sets of strain-displacement relations are
required: one from the reference point to the right tip of beam 1 and
another from the reference point to the tail end of beam 2.

IV. Final GVT Formulation
in Multiple-Beam Configuration

The element equations of the intrinsic beam formulation are

F̂n�1l � F̂nr
dl

��~��n� ~kn� �Fn��n �gn � _�P
n � ~��

n
�Pn� 0

M̂n�1
l � M̂n

r

dl
��~��n� ~kn� �Mn�� ~e1� ~��n� �Fn��n ~	n �gn � _�H

n

� ~��
n
�Hn � ~�V

n �Pn� 0

V̂n�1l � V̂nr
dl

��~��n� ~kn� �Vn�� ~e1� ~��n� ��n � _��n� 0

�̂
n�1
l � �̂

n
r

dl
��~��n� ~kn� ��n � _��n� 0

ĝn�1l � ĝnr
dl

��~��n� ~kn� �gn� 0

(10)

These nodal equations are modified as follows if the node is attached
to a bungee cord (case 1) or the node is a common node (case 2):

F̂nr � Ĉn
T

lr F̂
n
l � �̂nĝnr � f̂n � _̂

P
n

r �
~̂
�
n

r P̂
n
r � Fk�kB

� 0  case 1

F̂nr � Ĉn
T

lr F̂
n
l � �̂nĝnr � f̂n �

_̂
P
n

r �
~̂
�
n

r P̂
n
r �CB1B2�F̂mb � Ĉm

T

fb F̂
m
f �

� 0  case 2 (11)

M̂n
r � Ĉn

T

lr M̂
n
l � �̂n

~̂
	
n
ĝnr � m̂n � _̂

H
n

r �
~̂
�
n

r Ĥ
n
r � ~̂

V
n

r P̂
n
r

� ~pBPk�Fk�kB� � 0  case 1

M̂n
r � Ĉn

T

lr M̂
n
l � �̂n

~̂
	
n
ĝnr � m̂n � _̂

H
n

r �
~̂
�
n

r Ĥ
n
r � ~̂

V
n

r P̂
n
r

� CB1B2 �M̂m
b � Ĉm

T

fb M̂
m
f � � 0  case 2

The variables V̂r and �̂r of the beam formulation are related to the
position of a rigid body mounted at a node by kinematical relations

VB � _pOB � ~�BpOB � V̂�m�r
~�B �� _CmC

T
m �

~̂
�
�m�
r (12)

Additionally, six conditions from CTC�� are required to
determine the orientation of the rigid body because no parameter-
ization of rotation is introduced; thus, C has 3 degrees of freedom.

The strain-displacement relation is

CTm�1pOB�m�1 � C
T
mpOB�m �

XJ
j�1

�CiB
j � ��j � e1�dlj (13)

and the relations to connect the orientation are expressed as

beam 1

beam 2

CB1B2

CB2B3

beam 3

Fig. 2 Schematic of a conventional aircraft GVT, modeled as a

multiple-beam structure restrained by bungee cords.
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Ĉ Bin�1CTm�1 �� (14)

ĝ mr � Cmb0 0 � 1cT (15)

For each bungee cord (k� 1; 2; . . .)

Kk‘k
ln �1� �k=‘k�
1� �k=‘k

� Fk � 0

� Fk�pOQk � pOB � CTpBPk� � 2�k�kn � 0

�kFk � 0

‘k � �k � �2k � �Tkn�pOQk � pOB � C
TpBPk� � 0

�Tkn�kn � 1� 0

�k � �2k � 0

(16)

The 12 boundary conditions, which are F̂1
l � F̂N�1r � M̂1

l�
M̂N�1
r � 0, complete the dynamic formulation.

V. Linearization for Eigenanalysis

For eigenanalysis, the set of governing equations derived in the
previous section is linearized about a static equilibrium state. Let X
be each state variable:

X� Xeq � X��t� (17)

where Xeq is the value at static equilibrium, and X��t� is the small
perturbation on each state.

So a small perturbation on each variable can be expressed as

pOB� � pOB�eq � u�

VB � VBeq
� V�B � V�B

C� Ceq � C� � �� � ~

��Ceq

���eq ��� ���

Fk � Fkeq � F�k
�kB � �kBeq � �

�
kB

�k � �keq � ��k
�k � �keq � ��k
�k � �keq � ��k
�k � �keq � ��k

(18)

The linearized element equations from the intrinsic beam
formulation are

F̂�n�1l � F̂�nr
dl

� �~��neq � ~kn� �F�n � ~���n �Fneq � �n �g�n � _�P
�n

M̂�n�1l � M̂�nr
dl

� �~��neq � ~kn� �M�n � ~���n �Mn
eq � � ~e1 � ~��neq� �F�n

� ~���n �Fneq � �n ~	n �g�n � _�H
�n

V̂�n�1l � V̂�nr
dl

� �~��neq � ~kn� �V�n � � ~e1 � ~��neq� ���n � _���n

�̂
�n�1
l � �̂

�n
r

dl
� �~��neq � ~kn� ���n � _���n

ĝ�n�1l � ĝ�nr
dl

� �~��neq � ~kn� �g�n � ~���n �gneq � 0

(19)

The nodal equations with the modifications for case 1 (for which
the node is attached to the bungee cord) and for case 2 (for which the
node is a common node) are linearized as follows:

F̂�nr � Ĉn
T

lr F̂
�n
l � �̂nĝ�nr � f̂�n �

_̂
P
�n
r � Fkeq��kB � F

�
k �kBeq

� 0  case 1

F̂�nr � Ĉn
T

lr F̂
�n
l � �̂nĝ�nr � f̂�n � _̂

P
�n
r � CB1B2 �F̂�mb � Ĉm

T

fb F̂
�m
f �

� 0  case 2 (20)

M̂�nr � Ĉn
T

lr M̂
�n
l � �̂n

~̂
	
n
ĝ�nr � m̂�n � _̂

H
�n
r

� ~pBPk�Fkeq��kB � F
�
k �kBeq � � 0  case 1

M̂�nr � Ĉn
T

lr M̂
�n
l � �̂n

~̂
	
n
ĝ�nr � m̂�n � _̂

H
�n
r

� CB1B2 �M̂�mb � Ĉ�m
T

fb M̂
m
f � � 0  case 2

The linearized continuity conditions for a multiple-beam structure
are

V̂ �beam1 � CB1B2 V̂�beam2 �̂
�
beam1 � CB1B2 �̂

�
beam2

ĝ�beam1 � CB1B2 ĝ�beam2

(21)

The linearized kinematical relations at the nodes to which bungee
cords are attached are

V̂ �mr � _u� � ~�
�m
r p

m
OBeq (22)

and

~� �mr �
~_

�m

(23)

One difficulty arises in the linearization of the additional equations
for GVT modeling, namely, the set of relations between strain and
displacement/rotation variables. It is infeasible to get an analytic
expression for the linearized version of Eq. (13), and the three
independent choicesA11 � 1,A12 � 0,A23 � 0 fromEqs. (14)where

Aij � �ĈBi
n�1
CTm�1�ij. So the one from a numerical perturbation of

these equations with respect to each state is substituted for the
analytic counterpart, viz.,

Bnum �
Fnum�Xeq � q� � Fnum�Xeq � q�

2q
(24)

whereBnum is the Jacobian matrix, q is a numerical perturbation, and

Fnum �

8>>><
>>>:

CTm�1pOB�m�1 � C
T
mpOB�m �

P
J
j�1

�CiB
j � ��j � e1�dlj

A11 � 1

A12

A23

9>>>=
>>>;

6�1

(25)

ĝ �mr �� ~

�
Cmeqb0 0 � 1cT (26)

For each bungee cord (k� 1; 2; . . . ;),

Kk
1 � ln �1� �keq=‘k�
�1� �keq=‘k�2

��k � F�k � 0

� F�k �CeqpOQk � pOB�eq � pB�Pk� � Fkeq �u� � ~

�
CeqpOQk�

� 2��keq��kB � �kBeq�
�
k� � 0

�keqF
�
k � Fkeq��k � 0

��k � 2�keq�
�
k � �TkBeq �u

� � ~

�
CeqpOQk�

� �CeqpOQk � pOB�eq � pB�Pk�T��kB � 0

�TkBeq �
�
kB
� 0 ��k � 2�keq�

�
k � 0

(27)
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The 12 boundary conditions, which are F̂�1l � F̂�N�1r � M̂�1l �
M̂�N�1r � 0, complete the system of linearized equations.

VI. Parametric Study

The developed formulation is applicable to configurations that can
be represented as multiple beams. It is here applied to two
configurations, whichwill serve as illustrative examples: flyingwing
configuration (FWC) and conventional aircraft configuration (CAC)
with wings, fuselage, and tail.

A. Effect of Bungee Cord Locations on Modal Characteristics

Because the wing is highly flexible and loaded by its own weight,
its deformed shape in GVT will differ according to the locations of
points to which bungee cords are connected. The study looks at
different bungee cord attachment points to observe differences in
modal characteristics affected by the deformed shape of the flexible
wing. Case 1 has the bungee cords attached to each tip of the flexible
beam, and case 5 has them attached close to midspan. Cases 2–4 are
intermediate cases between cases 1 and 5. The static equilibrium of
each case is shown in Fig. 3 with the given properties in Table 1.
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Fig. 3 Static equilibria of cases 1–5 (from top to bottom, from left to right, the case number increases as the bungee cord locationmoves to themidspan).
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Depending on the locations of bungee cords, the deformed shapes of
a highly flexible beam in GVT are very different. For example,
cases 1, 3, and 5 show the configuration as a deformed U,
approximately flat, and as an inverted U, respectively.

Table 2 shows the 10 lowest eigenmodes and their eigenvalues for
flexible beam cases 1–5. Values for the four lowest eigenvalues of
stiff beams are added for comparison. (n2 and n3 are flapwise and
chordwise directions, respectively). The relative differences of the
four lowest elastic modes of a flexible and a stiff beam for cases 1–5
with respect to those of the free–free boundary condition are shown
in Fig. 4 in order to see the changes in the modal frequencies. The
horizontal axis corresponds to the case numbers (i.e., 1 on the
horizontal axis indicates case 1). The left figure of Fig. 4 clearly
shows that the modal frequencies of the highly flexible beam are
affected in GVT. The modal frequencies of the U shape (case 1) and
inverted U shape (case 5) are most different from those of the free–
free beam. The result also indicates that some of the structural modes
such as first symmetric bending and first torsional modes are more
influenced.

The main contributors that lead the differences between modal
characteristics for cases 1–5 are both of the deformed shape, which is
determined by the location of points to which bungee cords are
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Table 3 Eigenvalues of cases 1, 3, and 5 with the low stiffness (k� 20 N=m), and of the free–free flexible beam (rad=s)

Eigenmode Case 1 Case 3 Case 5 Free–free beam

1st sym. bending, n2 	10:409i 	10:195i 	10:120i 	10:096i
1st antisym. bending, n2 	28:382i 	28:327i 	28:309i 	28:307i
2nd sym. bending, n2 	56:942i 	56:912i 	56:893i 	56:915i
1st torsional 	90:419i 	100:19i 	97:880i 	99:551i

Table 2 Eigenvalues of cases 1–5 with the four lowest eigenvalues of flexible and stiff beams (rad=s)

Flexible beam

Eigenmode Case 1 Case 2 Case 3 Case 4 Case 5

(Lateral) swing 	2:2574i 	2:4468i 	2:5309i 	1:8278i 	0:9163i
(Fore–aft) swing 	2:6316i 	2:6313i 	2:6312i 	2:4791i 	1:3353i
Plunging 	2:9358i 	3:3532i 	2:7378i 	2:5110i 	2:4492i
Twisting 	4:5561i 	3:6493i 	3:5888i 	2:6593i 	2:6425i
Rolling 	6:0353i 	5:0162i 	3:7530i 	3:5289i 	3:3556i
Pitching 	12:082i 	10:823i 	10:161i 	10:339i 	10:807i
1st sym. bending, n2 	12:582i 	10:951i 	10:583i 	10:553i 	10:860i
1st antisym. bending, n2 	29:326i 	28:392i 	28:480i 	28:725i 	28:526i
2nd sym. bending, n2 	57:444i 	56:919i 	57:115i 	57:003i 	56:944i
1st torsional 	90:817i 	98:260i 	100:23i 	98:872i 	97:895i
Stiff beam

1st sym. bending, n2 	101:23i 	101:04i 	100:97i 	100:99i 	101:04i
1st antisym. bending, n2 	283:17i 	283:07i 	283:08i 	283:11i 	283:09i
2nd sym. bending, n2 	569:20i 	569:15i 	569:16i 	569:16i 	569:15i
1st sym. bending, n3 	714:06i 	713:96i 	713:92i 	713:93i 	713:96i

Table 1 Beam and bungee cord properties

Property Value Unit

m Mass per unit length 10 kg=m
‘ Total length of wing 10 m
d‘ Element length 0.5 m
k Bungee stiffness 2000 N=m

Flexible Stiff

GJ Torsional stiffness 1:0 � 104 1:0 � 106 Nm2

EI2 Vertical bending stiffness 2:0 � 104 2:0 � 106 Nm2

EI3 Chordwise bending stiffness 4:0 � 106 1:0 � 108 Nm2
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attached, and a boundary condition due to bungee cords. To see only
the effect of bungee cord locations, the bungee stiffness value should
decrease to a low value because, as the bungee stiffness reduces, the
analysis will nearly exclude the contribution of the bungee cords as a
constraining boundary condition to the beam. Here, it reduces to

k� 20 N=m from 2000 N=m. Cases 1, 3, and 5 (which are a
deformedU, approximately flat, and an invertedU, respectively), are
simulated with the low bungee stiffness (k� 20 N=m).

The results of low stiffness (k� 20 N=m) cases are given in
Table 3. Some changes in the four lowest eigenvalues are observed
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Fig. 5 3-D plot of GVT static equilibria of FWC and CAC.
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Fig. 6 First–fourth GVT structural mode shapes of FWC.
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through comparing Table 2 of k� 2000 N=m with Table 3 of
k� 20 N=m, and these changes are directly related to the influence
of bungee stiffness on the modal characteristics. First, the first
symmetric bending eigenvalue in case 1 changes from 	12:582i in
Table 2 to	10:409i in Table 3, which indicates that if bungee cords
are located at points where significant displacement occurs, the first

symmetric bending eigenvaluewill be greater than the corresponding
first free–free beam symmetric bending eigenvalue (	10:096i). The
level of overestimation will depend on the bungee stiffness value.
Second, thefirst torsional eigenvalue in cases 1 and 5does not change
much, from 	90:817i to 	90:419i and 	97:895i to 	97:880i,
respectively; and the eigenvalue for case 3 also does not change
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Fig. 7 First–sixth GVT rigid-body mode shapes of CAC.
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much, from 	100:23i to 	100:19i. These results indicate that the
first torsional mode is not significantly influenced by stiffness values
of bungee cords because it does not contain significant amounts of
either longitudinal or lateral deflection.

In Table 3, the relative differences of each eigenvalue to those of a
free–free beamwill only indicate the influence of the deformed shape
on its modal characteristic. First, case 1, which deforms the most
among the three cases, has the largest relative difference in first
symmetric bending eigenvalue with respect to the free–free beam
case. Second, the first torsional eigenvalue for case 3 (	100:19i) is
closest to the free–free solution (	99:551i), which shows that the
deformed U and inverted U shapes tend to lower the first torsional
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Fig. 8 First–fourth GVT structural mode shapes of CAC.

Table 5 Ten lowest GVT modes and corresponding eigenvalues of FWC

Eigenvalues, rad=s Description

0	 2:1620i Swing mode (fore and aft)� plunging mode
0	 2:6468i Swing mode (lateral)
0	 2:8578i Plunging mode
0	 5:4405i Twisting mode
0	 7:1118i Pitching mode
0	 7:3779i Rolling mode
0	 13:589i 1st symmetric bending mode (vertical)
0	 33:185i Torsional mode with 180 deg phase shift between right and left tips
0	 37:935i 1st antisymmetric vertical bending mode
0	 49:569i Torsional mode with same phase between right and left tips (i.e., the torsional mode of the left wing is a mirror image of the right one)

Table 4 Beam and bungee cord properties

Property Wing Fuselage Units

m: mass per unit length 7 7 kg=m
‘: total length 10 4 m
d‘: element length 1 1 m
GJ: torsional stiffness 1:0 � 104 1:0 � 104 Nm2

EI2: vertical bending stiffness 2:0 � 104 2:0 � 104 Nm2

EI3: chordwise bending stiffness 4:0 � 106 4:0 � 106 Nm2

Bungees 1, 2 Bungee 3
k: bungee stiffness 2000 1500 N=m
‘b: bungee natural length 1 1.9 m
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eigenvalue relative to the corresponding eigenvalue of the free–free
beam.

Table 2 for the stiffer beam shows that the low structural modes are
separated enough from the GVT rigid-body modes induced by the
suspension system (i.e., bungee system), and the suspension system
has an ignorable effect on the modal characteristics. In addition, the
relative differences among the four lowest structural modal
frequencies for each case are not very noticeable, as shown in the
right part of Fig. 4 because the deformation in GVT is much smaller
than for the more flexible beam.

B. Modal Characteristics Comparison of FWC and CAC in GVT

GVT modal characteristics for FWC and CAC configurations are
compared while attempting to keep some of the properties as close to
equivalent as possible. For the FWC, the payload is located at
midspan, which corresponds to the total mass of fuselage for the
CAC. The static equilibrium of each case is shown in Fig. 5 with the
wing, fuselage, and bungee properties in Table 4. For simplicity the
tail(s) of the CAC can be replaced by a concentrated mass at the tail
end of the fuselage. Bungee cords 1 and 2 are attached to each wing
tip, and bungee cord 3 is attached to the fuselage tip for the CAC.

TheGVTanalysis gives information about two distinctive types of
modal characteristics. One is the GVT rigid-body modes (in which
the beam remains almost rigid), and the other is structural modes of
the flexible beam element. Usually, theGVT rigid-bodymodes in the
FWC will have six typical modes such as plunging, twisting,
pitching, rolling, and two swing modes. The six GVT rigid-body
modes in this exercise are quite similar tofigures in the previouswork
[6]. Figure 6 show the four lowest structural modes: first symmetric,
first antisymmetric bending, and two torsional modes. (Counterparts
for the CAC are given in Figs. 7 and 8.) The associated eigenmodes
are described in Tables 5 and 6.

In the CAC, some of the GVT rigid-body modes match those
of the FWC, and the four lowest elastic modes appear in both
configurations. However, the fuselage, tip mass, and additional
bungee cord attached at the tip end of fuselage can lead to an
unusual GVT rigid-body mode that can be described as “pitching
about the tail.” The fuselage inertia and tail mass also contribute
to differences in the structural modes, and they will tend to lower
the wing torsional mode in the same phase between the right and
left tips. Because of the relatively short fuselage length, however,
no structural modes of the fuselage appear among the lowest
structural modes.

VII. Conclusions

With the development of bungee andmultiple-beam formulations,
an analysis for simulation of the GVT environment was conducted
for both a FWC and a CAC. The GVT analysis provides preliminary
information about the existence and makeup of modes dominated by
rigid-body motion and their proximity to low-frequency structural
modes for given configurations. This will enable one to determine
whichmodes should be targeted inGVTandwhat conditionmight be
best to widely separate the frequencies of GVT rigid-body modes
from those of low-frequency structural modes.

The results obtained showed that the deformed shape of highly
flexible wings significantly affects the modal characteristics,
especially for some low-frequency structural modes. Thus, for
accurate results the deformed shape needs to be considered in the
aeroelastic analyses of highly flexible aircraft. This is facilitated by
use of a fully nonlinear structural model; a single modal description
cannot describe accurately large deflections for highly flexible
aircraft. In addition, some of the structural modes are observed to be
affected by the locations of bungee cords, especially if a bungee cord
is attached to a wing at a point where the largest displacement of a
mode of interest mode occurs. Its location also should be chosen
carefully to extract modal frequencies dominated by structural
deformation for the free–free boundary condition. Otherwise, it is
inevitable that theGVT rigid-bodymode induced by bungee systems
will couple significantly with low-frequency structural modes.
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